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NORMAL FORMS OF TOPOLOGICALLY
QUASI-HOMOGENEOUS FOLIATIONS ON (C2, 0)
TRUONG HONG MINH
Abstract. The aim of this paper is to construct formal normal forms
for the class of topologically quasi-homogeneous foliations under generic
conditions. Any such normal form is given as the sum of three terms: an
initial generic quasi-homogeneous term, a hamiltonian term and a radial
term. Moreover, we also show that the number of free coefficients in the
hamiltonian part is consistent with the dimension of Mattei’s moduli
space of unfoldings.
Introduction and Preliminaries
A germ of holomorphic function f : (C2, 0)→ (C, 0) is quasi-homogeneous
if f belongs to the jacobian ideal J(f) = (∂f∂x ,
∂f
∂y ). If f is quasi-homogeneous,
there exist coordinates (x, y) and positive coprime integers k, ` such that
R(f) = d · f , where R = kx ∂∂x + `y ∂∂y is the quasi-radial vector field and
d is the quasi-homogeneous degree of f [8]. In these coordinates, f can be
written, up to a multiple of a constant, as
f = xn0yn∞
n∏
i=1
(yk − fix`)ni ,
where the multiplicities satisfy n0 ≥ 0, n∞ ≥ 0, ni > 0 and the coefficients
ci are non vanishing such that fi 6= fj . A germ of holomorphic function f
is called topologically quasi-homogeneous if its zero level set is topologically
conjugated to the zero level set of a quasi-homogeneous function. We also
say that a germ of non-dicritical holomorphic foliations F is topologically
quasi-homogeneous if after desingularization by successive blowing-ups, none
of singularities of strict transform F˜ are saddle-node and the separatrices
of F is the zero level set of a topologically quasi-homogeneous function.
The separatrices of F that are conjugated to these curves {yk − cix` = 0}
are called the cuspidal branches. The one (if exists) that is conjugated
to {xn0 = 0} or {yn∞ = 0} is called the y-axis branch or x-axis branch
respectively. We call F topologically quasi-homogeneous with axis branches
if it admits both x-axis and y-axis branches.
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Figure 1. Blowing-up at origin of (C2, 0)
Two germs of 1-forms ω and ω′ are called orbitally equivalent if there
exists a local change of coordinates φ and an invertible function u such that
u.φ∗ω = ω′.
If moreover Dφ(0) = Id and u(0) = 1 then the equivalence will be called
strict.
Theorem A. Let ω be a 1-form which defines a topologically quasi-homogeneous
foliation with axis branches. Under a generic condition, ω is strictly formally
orbitally equivalent to a unique form ωh,s
ωh,s = ωd + d (xyh) + s(kydx− `xdy)
where
ωd = c0xy
n∏
i=1
(yk−cix`)
(
n∑
i=1
λi
d(yk − cix`)
yk − cix` + (`λ0 + `− u)
dx
x
+ (kλ∞ + v)
dy
y
)
,
h(x, y) =
∑
ki+`j≥k`n+1
0≤i≤`n−1
0≤j≤kn−1
hijx
iyj , s(x, y) =
kn−1∑
j=0
sj(x)x`n+1+]
1−`j
k
]yj ,
si(x) are formal series on x,
]1−`j
k
]
stands for strict integer part of 1−`jk
defined as
]1−`j
k
]
< 1−`jk ≤
]1−`j
k
]
+ 1.
1. Desingularization process of quasi-homogeneous functions
Fix a reduced quasi-homogeneous function f = xε0yε∞∏ni=1(yk − fix`).
Let us recall the algorithm of desingularization of f and its atlas of charts.
On the blowing-up of (C2, 0) endowed with the chart (x, y), we will use
the standard charts (x, y¯), (x¯, y) together with the transition functions x¯ =
y¯−1, y = xy¯. The center of the first chart (x, y¯) is denoted by 0 and the
center of the second one is denoted by ∞ (figure 1). We denote by
σ = σ1 ◦ . . . ◦ σp : (M,D)→ (C2, 0)
the desingularization map of f obtained by composition of the blowing-up’s
σi, 1 ≤ i ≤ p, and D = σ−1(0) the exceptional divisor. Let us sketch
NORMAL FORMS OF TOPOLOGICALLY QUASI-HOMOGENEOUS FOLIATION 3
D0 Dc DN
x0 y0 x1
y1 xc−1yc−1 xc
yc xN−1 yN−1 xN yN
{y∞ = 0} {x0 = 0}
Figure 2. Desingularization of f
some properties of σ. In the desingularization process, we only have to use
blowing-up of 0 or ∞. Therefore, the tree of exceptional divisor is a totally
ordered sequence of N components covered by N + 1 charts and the map σ
is monomial in each chart. Before the last blowing-up, all cuspidal branches
share the same infinitesimal point. After the last blowing-up, they appear
on the same component of D called the principal component. If ε0 6= 0 or
ε∞ 6= 0, the corresponding strict branches appear on the end components.
Let us number the components of D and their charts in such a way that D1
corresponds to the strict branches which appears if ε∞ 6= 0. So, we obtain
N + 1 chart (xi, yi), i = 0, . . . , N , such that each component Di, i = 1 . . . N
is covered by domains Vi−1 and Vi of the charts (xi−1, yi−1) around (Di, 0)
and (Di,∞) (figure 2). The change of charts is given by
xi = y−1i−1, yi = xi−1y
ei
i−1
where −ei is the self intersection number of the component Di. We denote
by c the index corresponding to the principal component. Then, the desin-
gularization map σ is given in the chart (xc, yc) by (x, y) = (xk−vc ykc , x`−uc y`c)
[3], where u, v two positive integers such that ku− `v = 1 and u ≤ `, v ≤ k.
2. Desingularization of topologically quasi-homogeneous
functions
If two germs of holomorphic functions are topologically conjugated, they
admit the same dual tree of desingularization. In particular, their desin-
gularization maps have the same number of blowing-ups but they are not
necessarily equal. The following lemma shows that in the case topologically
quasi-homogeneous they can share the same desingularization map after a
local change of coordinates.
Lemma 1. If a reduced function f is topologically conjugated to f then
there exists a local change of coordinates φ such that f ◦ φ has the same
desingularization map as f . Moreover, φ can be chosen such that xε0yε∞
divides f ◦ φ.
Proof. Without loss of generality, we can assume that k ≥ ` and denote by
m the integer part of k` . Denote by
σ′ = σ′1 ◦ . . . ◦ σ′h : (M′,D′)→ (C2, 0)
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Figure 3. Dual tree of topological quasi-homogeneous functions
the desingularization maps of f and
σi = σ1 ◦ . . . ◦ σi and σ′i = σ′1 ◦ . . . ◦ σ′i
for i = 1, . . . , h. It is easy to see that if σm+1 = σ′m+1 then σ = σ′.
Let us first consider the case ε∞ = 0. If ε0 = 1, we will show that
any diffeomorphism φ that sends {x = 0} to the y-axis branch Ly of f is
the desired diffeomorphism. Indeed, the center of the blowing-up σ′i, with
2 ≤ i ≤ m + 1, is the intersection point of the transform (σ′i−1)∗(Ly) and
the divisor (σ′i−1)−1(0). So after the local change of coordinate φ, the m+1
first blowing-ups of the desingularization map of f ◦ φ and f are the same.
Consequently, f ◦ φ and f have the same desingularization map. In the
case ε0 = 0, after m first blowing-ups, all the strict transforms of principal
branches of f share the same intersection point z with divisor (σ′m)−1(0).
We take a smooth curve L˜ transverse to the divisor at z and denote by L
the image by σm of L˜. Then L is a germ of smooth curve of (C2, 0). With
the same reason as above, any diffeomorphism that sends {x = 0} to L is
the desired diffeomorphism.
Now we consider the case ε∞ = 1. Using the same argument as above, if
ε0 = 1 then φ is a diffeomorphism that sends x-axis branch Lx and y-axis
branch Ly to {y = 0} and {x = 0} respectively. In the case ε0 = 0, we
define L as above then the desired diffeomorphism is the one that sends Lx
and L to {y = 0} and {x = 0} respectively. 
3. The criteria of topologically quasi-homogeneous foliation
Notation 2. Denote by Q(f) the set of all germs of topologically quasi-
homogeneous 1-forms in (C2, 0) whose separatrices are topologically conju-
gated to f satisfying they admit σ : (M,D) → (C2, 0) as their desingular-
ization map and xε0yε∞ as their invariant curves.
By the lemma 1, instead of considering the class of all topologically quasi-
homogeneous foliation we can restrict our attention to the subset Q(f).
We will denote by O(k, `, d) the set of germs of holomorphic functions q
satisfying
q = qd + qd+1 + qd+2 . . . = qd + h.o.t.
where qd 6≡ 0, qm is (k, `)-quasi-homogeneous polynomial of degree m and
“h.o.t.” stands for higher order term. In what follows, denote by d =
nk`+ kε0 + `ε∞ the quasi-homogeneous degree of f .
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Lemma 3. If a germ of 1-form ω = adx+ bdy is an element of Q(f) then
(i) yε∞ divides a, xε0 divides b.
(ii) Let q := kxa + `yb, p := (k − v)xa + (` − u)yb. Then, q, p are in
O(k, `, d) and
(1) qd = c0x0yε∞
n∏
i=1
(yk − cix`), c0 6= 0,
such that all the complex numbers ci, i ∈ {1, . . . n} are non-zero,
different from each other. Moreover, gcd( qdxε0yε∞ ,
pd
xε0y
ε∞
) = 1.
Proof. It is obvious that (i) is always satisfied. For the convenience of prov-
ing by induction on the number of blowing-ups, we will replace Q(f) by
Q(k, `, n, ε0, ε∞). For k = ` = 1, in the blowing-up coordinates (x¯, y)
σ∗ω(x¯, y) = ya(x¯y, y)dx¯+ (x¯a(x¯y, y) + b(x¯y, y))dy
= 1
x¯
p(x¯y, y)dx¯+ 1
y
q(x¯y, y)dy
= yd−1
((
y
x¯
pd(x¯, 1) + y2(. . .)
)
dx¯+ (qd(x¯, 1) + y(. . .)) dy
)
.
Because after desingularization all the singularities are not saddle-node, the
roots of qd(x¯, 1) are distinct and none of them are a root of qd(x¯, 1) . So we
have
qd(x, y) = c0xε0yε∞
n∏
i=1
(y − cix) and gcd( qd
xε0y
ε∞
,
pd
xε0y
ε∞
) = 1.
In general, we can assume without loss of generality that k > `. Let σ1
be the standard blowing-up at the origin. By [1], the multiplicity of σ∗1ω
equals to the multiplicity of f ◦ σ1 minus 1. Hence, σ∗1ω can be written in
the blowing-up coordinates (x¯, y) as follows
σ∗1ω(x¯, y) = ya(x¯y, y)dx¯+ (x¯a(x¯y, y) + b(x¯y, y))dy = yε0+ε∞+n`−1ω′(x¯, y).
If ω is in Q(k, `, n, ε0, ε∞) then ω′ is in Q(k− `, `, n, ε0, 1). Using the induc-
tion hypothesis for ω′, we obtain
(k − `)x¯(ya(x¯y, y)) + `y(x¯a(x¯y, y) + b(x¯y, y))
= yε0+ε∞+n`−1(c′0x¯ε0y
n∏
i=1
(yk−` − c′ix¯`)) + h.o.t.(2)
where the numbers c′i, i = 1, . . . , n, are non-zero, different from each other.
Replace x¯y by x, (2) is equivalent to
kxa(x, y) + `yb(x, y) = c′0xε0yε∞
n∏
i=1
(yk − c′ixl) + h.o.t.
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Moreover, we have
yε0+ε∞+n`−1p′(x¯, y) = (k − `− v + u)x¯(ya(x¯y, y)) + (`− u)y(x¯a(x¯y, y) + b(x¯y, y))
= (k − v)x¯ya(x¯y, y) + (`− u)yb(x¯y, y).
Replace x¯y by x and use the induction hypothesis for p′ and q′, we obtains
gcd( qdxε0yε∞ ,
pd
xε0y
ε∞
) = 1. 
Remark 4. The conditions (i) and (ii) in Lemma 3 are not sufficient for
determining the elements in Q(f). In fact, a 1-form ω satisfies these con-
ditions if and only if the foliation F defined by ω satisfies:
(i) {xε0yε∞ = 0} is a invariant curve of F ,
(ii) Let σ be the desinglarization map of f . After pull-back bay σ, except
the corners, the strict transform σ∗(F) has n singularities on prin-
ciple component Dc. Moreover at each singularity σ∗(F) is defined
by a 1-form whose linear part is
λydx+ xdy, where λ 6= 0.
So for obtaining ω ∈ Q(f) we need the condition that all the Camacho-Sad
indices of all singularities of σ∗(F) are not in Q>0.
Remark 5. An element ω ∈ Q(f) can be written as
(3) ω = ωd + ωd+1 + ωd+2 + . . .
where ωm = am−kdx + bm−`dy, am−k, bm−` are (k, `)-quasi-homogeneous
polynomials of degrees m− k, m− ` respectively and ωd 6≡ 0.
Remark 6. The points zi = ( 1ci , 0) (1 ≤ i ≤ n) in the coordinates (xc, yc)
stand for the intersections of strict transforms of separatrices of ω with the
principle component of divisor.
4. Logarithmic representation of the initial part
Consider ω ∈ Q(f) having the presentation as in (3). Denote by λi
the Camacho-Sad indices of strict transform foliation F˜ = σ∗F defined by
σ∗w = aˆdx+ bˆdy and the principle component Dc. It means that
λi = izi(F˜ ,Dc) = −Reszi
∂
∂y
(
aˆ
bˆ
)
(x, 0).
We also denote by λ0 and λ∞ the indices of F˜ and Dc at z0 = (xc = 0, yc = 0)
and z∞ = (xc =∞, yc = 0) respectively. Then by [2] we the the relation:
(4)
n∑
i=1
λi + λ0 + λ∞ = −1
and the projective holonomy hi of F˜ at the point zi satisfying
h′i(0) = exp(2piiλi)
Actually, (λi) only depends on the quasi-homogeneous part ωd. Moreover
ωd is completely determined by (λi) and (ci) as in the following Lemma:
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Lemma 7. With the notation as above, we have
ωd = −qd
(
n∑
i=1
λi
d(yk − cix`)
yk − cix` + ε0(`(λ0 + 1)− u)
dx
x
+ ε∞(kλ∞ + v)
dy
y
)
,
where
n∑
i=1
λi + ε0(λ0 +
l − u
l
) + ε∞(λ∞ +
v
k
) + 1
k`
= 0.
Proof. When ε0 = 0 (resp. ε∞ = 0), the value of λ0 (resp. λ∞) is totally
determined by the couple (k, `). Therefore, we can calculate the value of λ0
(resp. λ∞) when ε0 = 0 (resp. ε∞ = 0) by considering the 1-form d(yk−x`).
Since (x, y) = (xk−vc ykc , x`−uc y`c) = (xkc−1yvc−1, x`c−1yuc−1), we have
d(yk−x`) ◦ σ(xc, yc)
= xk`−ku−1c yk`−1c
(
yc
(
k`− ku− (k`− ku+ 1)xc
)
dxc + k`xc(1− xc)dyc
)
,
d(yk−x`) ◦ σ(xc−1, yc−1)
= xk`−1c−1 y`v−1c−1
(
k`yc−1(yc−1 − 1)dxc−1 + `vxc−1(yc−1 − 1)dyc−1
)
.
It implies that
(5) λ0 = −v
k
when ε0 = 0 and λ∞ = −`− u
`
when ε∞ = 0.
Now in the coordinates (xc, yc), we get
σ∗ωd =
1
xc
pd(xk−vc ykc , x`−uc y`c)dxc +
1
yc
qd(xk−vc ykc , x`−uc y`c)dyc,
where pd = (k − v)xad−k + (`− u)ybd−`, qd = kxad−k + `ybd−`. By Lemma
3, we get
σ∗ωd = xe−1c yd−1c (ycp¯(xc)dxc + c0xc
n∏
i=1
(1− cixc)dyc),
where p¯ is a polynomial of degree n satisfying p¯(x`c) = 1xε0 p(xc, 1) and e =
nk(`− u) + ε0(k − v) + ε∞(`− u). The definition of λi leads to
p¯( 1
ci
) = c0λi
n∏
j=1
j 6=i
(
1− cj
ci
)
, i = 1, . . . , n,
p¯(0) = −c0λ0.
Thanks to the formula of Lagrange polynomial, we get
p¯(xc) = c0
 n∑
i=1
λicixc
∏
j=1
j 6=i
(1− cjxc)− λ0
n∏
j=1
(1− cjxc)
 .
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It implies that
pd(x, y) = c0xε0yε∞
 n∑
i=1
λicix
`
∏
j=1
j 6=i
(yk − cjx`)− λ0
n∏
j=1
(yk − cjx`)

= qd
(
n∑
i=1
λicix
`
yk − cix` − λ0
)
.
Consequently, we have
ad−k(x, y) =
`pd − (`− u)qd
x
= qd
x
(
n∑
i=1
λi
`cix
`
yk − cix` + (u− `(λ0 + 1))
)
.
bd−l(x, y) =
(k − v)qd − kpd
y
= −qd
y
(
n∑
i=1
λi
kyk
yk − cix` + (v + kλ∞)
)
.
Because (5), we can replace λ0 by ε0λ0 +(u` −1)(1−ε0) and λ∞ by ε∞λ∞−
v
k (1 − ε∞). Therefore u − `(λ0 + 1) becomes 0(u − `(λ0 + 1)), v + kλ∞
becomes ε∞(v + kλ∞) and the relation (4) becomes
n∑
i=1
λi + ε0(λ0 +
l − u
l
) + ε∞(λ∞ +
v
k
) + 1
k`
= 0.

5. Decomposition of topologically quasi-homogeneous
foliations
Lemma 8. Let ω be a germ of 1-form in (C2, 0). Then there exist unique
holomorphic functions h and s such that
(6) ω = dh+ s(`ydx− kxdy).
Proof. Suppose that ω = adx+bdy. Let R = kx ∂∂x+`ykx
∂
∂y the quasi-radial
vector field. Denote by q = ω(R) = kxa + `yb. Suppose that there exit h
and s satisfying (6). We have
q = ω(R) = R(h).
It implies that
(7) h =
∞∑
i=0
qi
i
.
where q = q0 + q1 + q2 + . . . is the decomposition of q into the (k, `) quasi-
homogeneous polynomials. This proves the uniqueness part.
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Now assume that h is defined as (7). Decompose a, b, h into the (k, `)
quasi-homogeneous polynomials, we have
ai+` − ∂xhi+k+` = ai+` − ∂x(kxai+` + `ybi+k)
i+ k + `
= (i+ `)ai+` − (kx∂xai+` + `y∂xbi+k)
i+ k + ` =
`y(∂yai+` + ∂xbi+k)
i+ k + ` ,
bi+k − ∂yhi+k+` = bi+k − ∂y(kxai+` + `ybi+k)
i+ k + `
= (i+ k)bi+k − (kx∂xai+` + `y∂xbi+k)
i+ k + ` = −
kx(∂yai+` + ∂xbi+k)
i+ k + ` .
This implies the existence of s, which is defined by
si =
∂yai+` + ∂xbi+k
i+ k + ` .

Using Lemma 8 for the elements in Q(f) we obtains:
Corollary 9. For each ω ∈ Q(f), there exist unique holomorphic functions
h and s such that
(8) ω = ωd + dh+ s(`ydx− kxdy)
where ωR is the quasi-radial form lydx− kxdy. Moreover, we have
(9) h(x, y) =
∞∑
i=1
kxad+i−k + lybd+i−`
d+ i , s(x, y) =
∞∑
i=1
∂yad+i−k − ∂xbd+i−`
d+ i .
6. Formal normal forms of topologically quasi-homogeneous
foliations
In this section, we only consider the case ε0 = ε∞ = 1. Then f =
xy
∏n
i=1(yk − fix`) the homogeneous polynomial of degree d = k`n+ k + `.
The process of normalization is follows: Let F be a topologically quasi-
homogeneous foliations. By Lemma 1, we can assume that F is defined
by ω ∈ Q(f). Decompose ω as in (8). Then the process is divided into
two steps. Firstly, we apply consecutively the diffeomorphisms and the unit
multiplications to simplify the hamiltonian part h degree by degree. After
that, by using the diffeomorphisms and the unit functions that do not change
the term h we will normalize the function s.
Denote by
Qd(f) = {ωd = ad−kdx+ bd−`dy : ωd ∈ Q(f)}.
For each ωd ∈ Qd(f), we also denote by Q(ωd) the subset of Q(f) containing
the 1-forms admitting ωd as their initial part:
Q(ωd) = {ω′ ∈ Q(f) : ω′ = ωd + ω′d+1 + ω′d+2 . . .}.
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Now let ω(x, y) = a(x, y)dx+ b(x, y)dy ∈ Q(f). For each integer m ≥ 1, we
consider the local change of coordinates φ(x, y) = (x+ α(x, y), y + β(x, y))
and the unity function u(x, y) = 1 + δ(x, y) where α, β, δ are (k, `)-quasi-
homogeneous polynomials of degrees m+k,m+ `,m respectively. The local
change of coordinates φ and the multiplication by u take the form ω into
the form
ω˜ = u.φ∗ω = a˜dx+ b˜dy.
Lemma 10. Denote by ∆q = q˜ − q, ∆a = a˜ − a, ∆b = b˜ − b we have
∆qd+m′ = ∆ad+m′ = ∆bd+m′ = 0 for all m′ < m and
(10) ∆qd+m = AU +BV
(11) ∆bd+m−` = W +
1
d+m (mbd−`δ − qd∂yδ) ,
where A = mad−k+∂xqd, B = mbd−`+∂yqd, U = α+ kd+mxδ, V = β+
l
d+myδ
and W = ∂y(ad−kU + bd−`V )− (∂yad−k − ∂xbd−`)U .
Proof. We have
φ∗ω = ((1 + ∂xα) .a ◦ φ+ ∂xβ.b ◦ φ) dx+ (∂yα.a ◦ φ+ (1 + ∂yβ) .b ◦ φ) dy.
It implies that
q˜ = u ((kx+ kx.∂xα+ `y.∂yα)a ◦ φ+ (`y + kx.∂xβ + `y.∂yβ)b ◦ β)
= u ((kx+ (k +m)α)a ◦ φ+ (`y + (`+m)β)b ◦ φ) .
We also have
a ◦ φ− a =
∑
ki+`j≥d−k
aij(x+ α)i(y + β)j −
∑
ki+`j≥d−k
aijx
iyj
=
∑
ki+`j≥d−k
aijix
i−1αyj +
∑
ki+`j≥d−k
aijx
ijyj−1β + h.o.t.
= α∂xa+ β∂ya+ h.o.t.,(12)
b ◦ φ− b =
∑
ki+`j≥d−`
bij(x+ α)i(y + β)j −
∑
ki+`j≥d−`
bijx
iyj
=
∑
ki+`j≥d−`
bijix
i−1αyj +
∑
ki+`j≥d−`
bijx
ijyj−1β + h.o.t.
= α∂xb+ β∂yb+ h.o.t..(13)
It follows that ∆qd+m′ = 0 for all 0 ≤ m′ < m and
∆q+m = kx(α∂xa+ β∂ya) + `y(α∂xb+ β∂yb) + (k +m)αa+ (`+m)βb+ δqd
= ((k +m)a+ kx∂xa+ `y∂xb)α+ ((`+m)b+ kx∂ya+ `y∂yb)β + δqd
= (mad−k + ∂xqd)α+ (mbd−` + ∂yqd)β + δqd.
Substituting
qd =
k
d+m(mad−k + ∂xqd) +
`
d+m(mbd−` + ∂yqd)
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we get (10). Using again (12) and (13), we obtain that ∆bd−l+m′ = 0 for all
0 ≤ m′ < m and
(14) ∆bd−l+m = α∂xbd−` + β∂ybd−` + ∂yαad−k + ∂yβbd−` + δbd−`.
Substituting α = U − kd+mxδ and β = V − `d+myδ into (14), we get
∆bd−l+m = ∂xbd−`U+∂ybd−`V+ad−k∂yU+bd−`∂yV+
1
d+m (mbd−`δ − qd∂yδ) .
It implies (11) by using the fact that
∂xbd−`U+∂ybd−`V+ad−k∂yU+bd−`∂yV = ∂y(ad−kU+bd−`V )−(∂yad−k−∂xbd−`)U.

Denote by [a[ the usual integer part a: [a[≤ a < [a[+1, and ]a] the strict
integer part of a defined by ]a] < a ≤]a] + 1. Then the number of integer
points in a closed interval [a, b] is given by [b[−]a].
Lemma 11. Let em be the cardinality of the set {(i, j) ∈ N2 : ki+ `j = m}.
Then em = [mu` [−]mvk ].
Proof. Denote by e′m = [mu` [−]mvk ] the number of integer points in the closed
interval [mu` ,
mv
k ]. For each integer c in [
mu
` ,
mv
k ]. Let’s put i = mu − c`,
j = ck −mv, then
ki+ `j = kmu− ck`+ ck`− `mv = m(ku− `v) = m.
So e′m ≤ em. Now, if there exit two positive integers i, j such that ki+`j = m
then
mu = kui+ `uj = (`v + 1)i+ `uj = `(vi+ uj) + i,
mv = kvi+ `vj = kvi+ (ku− 1)j = k(vi+ uj)− j.
Therefore,
vi+ uj = mu− i
`
= mv + j
k
∈ [mu
`
,
mv
k
].
It implies that em ≤ e′m. So em = [mu` [−]mvk ]. 
Lemma 12. If λi 6∈ Q for i = 0, 1, . . . , n − 1, n,∞ then gcd(A,B) = 1 for
all m ∈ N.
Proof. By Lemma 7,
A = mad−k + ∂xqd = qd
(
n∑
i=1
(mλi − 1) `cix
`−1
yk − cix` +
1
x
(u− `(λ0 + 1) + 1)
)
,
B = mbd−` + ∂yqd = qd
(
n∑
i=1
(1−mλi) ky
k−1
yk − cix` +
1
y
(1− (v + kλ∞))
)
.
Suppose that g = gcd(A,B). Since λi 6∈ Q, we have gcd(A, x) = 1,
gcd(B, y) = 1 and gcd(A, yk − cix`) = 1 for all i = 1, . . . , n. Therefore
gcd(g, qd) = 1. Moreover, we have g|qd since kxA + `yB = (d + m)qd. It
implies that gcd(A,B) = 1. 
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The following lemma will be used to normalize the hamiltonian part:
Notation 13. We say that a 1-form ωd ∈ Qd(f) satisfies the generic con-
dition if λi 6∈ Q for all i = 0, 1, . . . , n− 1, n,∞ and the coefficients of A and
B satisfy the condition of non-vanishing determinant of matrix Mm in 16
for m = 1, . . . , k`n− 1.
Lemma 14. Let ωd ∈ Qd(f) satisfy the generic condition and ω ∈ Q(ωd).
Using the same notation as in Lemma 10, for each m ≥ 1 there exist a
diffeomorphism φ(x, y) = (x + xα, y + yβ) and a unity u = 1 + δ where
α, β, δ are quasi-homogeneous polynomials of degree m such that q˜d+m =
qd+m +AU +BV = xyq˜′d+m satisfies the conditions
• degxq˜′d+m ≤ `n− 1 and degy q˜′d+m ≤ kn− 1 if 1 ≤ m ≤ k`n− 1,
• q˜d+m = 0 if m ≥ k`n.
Proof. Denote byQP (m) the set of all (k, `)-quasi-homogeneous polynomials
of degrees m. Then QP (m) is a vector space of dimension em. Denote by
A¯ = Ay , B¯ =
B
x , U¯ =
U
x , V¯ =
V
y . By Lemma 10,
q˜d+m
xy
= qd+m
xy
+ A¯U¯ + B¯V¯ .
Consider the linear map
Ψm : QP (m)×QP (m)→ QP (k`n+m)
(U¯ , V¯ ) 7→ A¯U¯ + B¯V¯ .
Case m ≥ k`n. By Lemma 12, A¯ and B¯ are coprime. It implies that
(15) KerΨm = {(ZB¯,−ZA¯), Z ∈ QP (m− k`n)}.
Hence Ψm is surjective due to the equality of dimensions of vector space
em + em − em+k`n = em−k`n.
Consequently, there exists φ such that q˜d+m = AU +BV + qd+m = 0.
Case 1 ≤ m ≤ k`n− 1. In this case KerΨm = {0}. Denote byNQP (k`n+
m) the subspace of QP (k`n + m) generalized by all the monomials g(x, y)
satisfying
degxg ≤ `n− 1, degyg ≤ kn− 1.
We also denote by NQP⊥(k`n+m) the subspace of QP (k`n+m) generalized
by all the monomials g(x, y) such that
degxg ≥ `n or degyg ≥ kn.
Denote by prm the standard projection
prm : QP (k`n+m)→ NQP⊥(k`n+m).
The proof is reduced to show that in a generic condition for all q ∈ QP (k`n+
m) there exists A¯U¯ + B¯V¯ ∈ ImΨm such that
q + A¯U¯ + B¯V¯ ∈ NQP (k`n+m).
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Since
dimNQP⊥(k`n+m) = 2em = dimQP (m)×QP (m),
this is equivalent to prove that in a generic condition prm ◦Ψm is bijective.
Because A¯, B¯ ∈ QP (k`n), we can write A¯ = ∑ni=0Aix`(n−i)yki, B¯ =∑n
i=0Bix
`iyk(n−i). Then the matrix representation Mm of the linear map
prm ◦Ψm is given by
(16)
Mm =

A0 0 . . . 0 0 Bn 0 . . . 0 0
A1 A0 . . . 0 0 Bn−1 Bn . . . 0 0
...
...
. . .
...
...
...
...
. . .
...
...
Aem−2 Aem−3 . . . A0 0 Bn−em+2 Bn−em+3 . . . Bn 0
Aem−1 Aem−2 . . . A1 A0 Bn−em+1 Bn−em+2 . . . Bn−1 Bn
An An−1 . . . An−em+2 An−em+1 B0 B1 . . . Bem−2 Bem−1
0 An . . . An−em+3 An−em+2 0 B0 . . . Bem−3 Bem−2
...
...
. . .
...
...
...
...
. . .
...
...
0 0 . . . An An−1 0 0 . . . B0 B1
0 0 . . . 0 An 0 0 . . . 0 B0

The determinant detMm is a polynomial inAi andBj . Since ∂
2emdetMm
(∂Aem0 )(∂B0)em
=
(em!)2 6= 0, such polynomial is not identically zero. Therefore the condition
detMm 6= 0 is satisfied for generic ωd ∈ Qd(f). 
The following lemma will be used to normalize the radial part:
Lemma 15. If ωd ∈ Qd(f) satisfies λi 6∈ Q for all i = 0, 1, . . . , n− 1, n,∞,
then there exist φ(x, y) = (x+xα, y+yβ) and u(x, y) = 1+δ(x, y) where α, β
and δ are quasi-homogeneous polynomials of degree m such that ∆qd+m = 0
and b˜d+m−` = bd+m−` + ∆bd+m−` satisfies the following condition
degy b˜d+m−` ≤ kn− 1
Proof. Suppose that φ(x, y) = (x + xα, y + yβ) and u(x, y) = 1 + δ(x, y)
where α, β and δ are quasi-homogeneous polynomials of degree m such that
∆qd+m = 0. By the proof of Lemma 14, we have (U¯ , V¯ ) ∈ KerΨm. It implies
that (U¯ , V¯ ) = (ZB¯,−ZA¯) where Z = 0 if m ≤ k`n and Z ∈ QP (m − k`n)
if m > k`n. Therefore, W in Lemma 10 can be written as follows:
W = ∂y(ad−kxZB¯ − bd−`yZA¯)− (∂yad−k − ∂xbd−`)xZB¯
= ∂y(Z(ad−kB − bd−`A))− (∂yad−k − ∂xbd−`)ZB.
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Denote by C = ∂yad−k − ∂xbd−`. Then
ad−kB − bd−`A = ad−k(mbd−k + ∂yqd)− bd−`(mad−k + ∂xqd)
= ad−k∂yqd − bd−`∂xqd
= (qd − `ybd−`)∂yqd − kxbd−`∂xqd
kx
= qd∂yqd − bd−`(`y∂yqd + kx∂xqd)
kx
= qd∂yqd − dbd−`qd
kx
= qd(∂yqd − dbd−`)
kx
= qd(kx∂yad−k + `y∂ybd−` − (d− `)bd−`)
kx
= qd(kx∂yad−k − kx∂ybd−`)
kx
= qd(∂yad−k − ∂ybd−`)
= qdC.
It follows
∆bd+m−l = ∂y(ZqdC)− CZB + mbd−`δ − qd∂yδ
d+m
= (∂yqd −B)ZC + qd(∂y(ZC)) + mbd−`δ − qd∂yδ
d+m
= mbd−`
(
δ
d+m − ZC
)
− qd∂y
(
δ
d+m − ZC
)
.
Define the linear map
Φm : QP (m)→ QP (k`n+m)
T 7→ mbd−`
x
T − qd
x
∂yT.
We will show that Φm is injective. Assume that there exists T ∈ KerΦm
and T 6= 0. Decompose T = r ( qdx )γ where γ ∈ N and r does not divide qdx .
It follows from T ∈ KerΦm that
(17) r(mbd−` − γ∂yqd) = qd∂yr.
By Lemma 7,
mbd−` − γ∂yqd = −qd
(
n∑
i=1
(mλi + γ)
kyk−1
yk − cixl +
m(kλ∞ + v) + γ)
y
)
.
If λi 6∈ Q for all i = 1, . . . , n,∞ then 1x(mbd−` − γ∂yqd) and qdx are coprime.
It implies that r (mbd−`−γ∂yqd)x does not divide
qd
x and this is contradictory to
(17).
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Denote by NQPy(k`n+m) the subspace of QP (k`n+m) generalized by
the monomials g(x, y) such that
degyg ≤ kn− 1.
Then for all g ∈ NQPy(k`n+m) we have
(18) x[
m
k
[+1|g(x, y).
Denote by NQP⊥y (k`n + m) the subspace of QP (k`n + m) generalized by
the monomials g(x, y) such that
degyg ≥ kn.
We also denote by prym the standard projection
prym : QP (k`n+m)→ NQP⊥y (k`n+m).
The proof is done if we can show that prym ◦ Φm is bijective from QP (m)
to NQP⊥y (k`n+m). Because dimNQP⊥y (k`n+m) = em = dimQP (m). It
rests to show that prym ◦ Φm is injective. We claim that this is equivalent
to prove that
(19) ImΦm ∩NPQy(k`n+m) = {0}.
Indeed, if (19) is true, suppose that g ∈ Ker(prym ◦ Φm). Then Φm(g) ∈
NPQy(k`n+m) which implies that Φm(g) = 0. It follows by the injectivity
of Φm that g = 0.
Now, let’s prove (19). Assume that there exists T 6= 0 such that Φm(T ) ∈
NPQy(k`n+m). Decompose T = xθT¯ where x and T¯ are coprime. Because
T ∈ QP (m), we have θ ≤ [mk [. By (18), x is a divisor of m bd−`x T¯ − qdx ∂yT¯ .
By Lemma 7, we have
(20) mbd−`
x
(0, y)T¯ (0, y)− qd
x
(0, y)∂yT¯ (0, y) =
c0y
nk
(
m(v − k(1 + λ0))T¯ (0, y)− y∂yT¯ (0, y)
)
It is a contradiction because condition λ0 6∈ Q forces that the right hand
side of (20) is different from 0 for all non-zero polynomial T¯ (0, y). 
Theorem A. For generic ωd ∈ Qd(f), each germ ω ∈ Q(wd) is strictly
formally orbitally equivalent to a unique form ωh,s
ωh,s = ωd + d (xyh) + s(`ydx− kxdy),
where
h(x, y) =
∑
ki+`j≥k`n+1
0≤i≤`n−1
0≤j≤kn−1
hijx
iyj , s(x, y) =
kn−1∑
j=0
sj(x)x`n+1+]
1−`j
k
]yj ,
si(x) are formal series on x.
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Proof. By Corollary 9, we can decompose
ω = ωd + d(xyh) + s(`ydx− kxdy),
where hi = qi+k+`(i+k+`)xy =
q′i
i+k+` , q′ =
q
xy . Let’s rewrite s(x, y) as follows
si =
∂yai+` + ∂xbi+k
i+ k + `
= 1
i+ k + `
(
∂y(qi+k+` − `ybi+k)
kx
− ∂xbi+k
)
= ∂yqi+k+`(i+ k + `)kx −
`bi+k + `y∂ybi+k + kx∂xbi+k
(i+ k + `)kx
= ∂yqi+k+`(i+ k + `)kx −
bi+k
kx
.
By Lemma 14 and 15, we can remove all the monomials xiyj , i ≥ `n, j ≥ kn
in the components of q′ and all the monomial xiyj , j ≥ kn in the components
of b. This implies we can normalize h and s such that
h(x, y) =
∑
ki+`j≥k`n+1
0≤i≤`n−1
0≤j≤kn−1
hijx
iyj , s(x, y) =
kn−1∑
j=0
s′j(x)yj ,
where s′j(x) are formal series of x. Because s(x, y) only contains the mono-
mials of degree at least k`n+ 1, for each j = 0, . . . , kn− 1 s′j(x) divides xij
where ij is the minimal integer such that kij + `j ≥ k`n+ 1 and. Moreover,
kij + `j ≥ k`n+ 1 if and only if ij ≥ `n+ 1 +
]1−`j
k
]
. So we have
s′j(x) = sj(x)x`n+1+]
1−`j
k
],
where s′j(x) are formal series of x. The uniqueness part is straightforward
by the uniqueness in Lemma 14 and 15. 
Remark 16. Since every formal diffeomorphism φ can decompose as φ =
φ′◦φ0 where φ0 is a linear transformation and φ′ is strict, the formal normal
form for the case in which we do not require the strict condition can be easily
obtained. The slightly difference is in the initial part. For the strict case we
have n free coefficients corresponding to the coordinates of the non-corner
singularities in the principle component of divisor, but for the general case
we can normalize one of them and let the others free.
Exemple 17. For n = 2, k = 3, ` = 2, the strict formal normal form is
given by
ωd + d(xyh) + s(`ydx− kxdy),
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where
ωd = c0xy(y3 − c1x2)(y3 − c2x2)
(
λ1
d(y3 − c1x2)
y3 − c1x2 + λ2
d(y3 − c2x2)
y3 − c2x2
+ (2λ0 + 1)
dx
x
+ (3λ∞ + 1)
dy
y
)
,
h(x, y) = h3,2x3y2+h1,5xy5+h2,5x2y4+h3,3x3y3+h2,5x2y5+h3,4x3y4+h3,5x3y5,
s(x, y) = s0(x)x5+s1(x)x4y+s2(x)x3y2+s3(x)x3y3+s4(x)x2y4+s5(x)xy5.
In the formula of ωd we have two free coefficients c1, c2 corresponding to the
position of two singularities of the cuspidal branches. However, the formal
normal form (non-strict) is given by
ω¯d + d(xyh′) + s′(`ydx− kxdy),
where h′ and s′ have the same form as h and s respectively, but we can
normalize one singularity, which has the coordinates (xc, yc) = (1, 0), and
so ω¯d has only one free coefficient c:
ω¯d = xy(y3−x2)(y3−cx2)
(
λ1
d(y3 − x2)
y3 − x2 + λ2
d(y3 − cx2)
y3 − cx2 + (2λ0 + 1)
dx
x
+ (3λ∞ + 1)
dy
y
)
.
Remark 18. The number of free coefficients of h in the normal form is
consistent with the dimension of Mattei’s moduli space. Indeed, for m =
1, . . . , k`n− 1 we have
#{(i, j) ∈ N2|ki+ `j = k`n+m, i ≤ `n− 1, j ≤ kn− 1} = ek`n+m − 2em
= n− em
So the number of free coefficients of h is given by
δ′(ω) =
k`n−1∑
m=1
(n− em) = n(k`n− 1)−
k`n−1∑
m=1
em.
By [4], the dimension of Mattei’s moduli space is given by
δ(ω) =
k`n−1∑
m=0
(
]`− u
`
(m− k`n)]− [k − v
k
(m− k`n[
)
=
k`n−1∑
m=0
(
n+]− mu
`
]− [−mv
k
[
)
.
We will show that for any real number a, [a[+] − a] = −1. Indeed, since
[a[≤ a < [a[+1, ]− a] < −a ≤]− a] + 1, we have
[a[+]− a] < 0 < [a[+]− a] + 2.
Therefore, [a[+]− a] = −1. It follows that
δ(ω) =
k`n−1∑
m=0
(
n−]mu
`
] + [mv
k
[
)
= n2k`−
k`n−1∑
m=0
em.
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The difference of δ(ω) and δ′(ω) is given by
δ(ω)− δ′(ω) = n− e0 = n− 1.
The reason for the existence of this difference is from the fact that we just
consider the strict conjugation. The number n− 1 then is corresponding to
the number of free coefficients corresponding to the position of non-corner
singularities in the non-strict formal normal form.
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